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There is an error in the proof of Lemma 4.10. In fact, we only need the following version in
this paper.
Lemma 4.10. If {f} is a bounded sequence of functions in L1(Ω), and {v} ⊂ C1(Ω)∩H 1,n0 (Ω)
satisfy
−nv = f + αv |v |n−2 in Ω, (4.11)
where 0  α < λ1(Ω) is a constant, then for any 1 < q < n, we have ‖∇v‖q  C for some
constant C depending only on q , n, Ω and the upper bound of ‖f‖1.
Proof.
Step 1. The special case α = 0.
In this step, we use an argument of M. Struwe to prove that ‖∇v‖q  C‖f‖1 for some
constant C depending only on q , n and Ω . Without loss of generality, we assume ‖f‖L1(Ω) = 1.
For t  1, denote vt = min{v+ , t}, where v+ is the positive part of v . Testing Eq. (4.11) with vt ,
we have
∫
Ω
|∇vt |n dx =
∫
Ω
fv
t
 dx  t. Assume |Ω| = |Bd |, where Bd = {x ∈ Rn: |x|  d}.
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‖∇v∗ ‖Ln(Bd)  ‖∇vt‖Ln(Ω), and we have
inf
φ∈H 1,n0 (Bd ),φ|Bρ =t
∫
Bd
|∇φ|n dx 
∫
Bd
∣∣∇v∗ ∣∣n dx  t. (4.12)
The above infimum can be attained by
φ1(x) =
{
t log d|x|/ log
d
ρ
in Bd \ Bρ,
t in Bρ.
Calculating ‖∇φ1‖nn, we have by (4.12), ρ  de−C1t for some constant C1 > 0. Hence
∣∣{x ∈ Ω: v  t}∣∣= |Bρ | ωn−1
n
dne−nC1t .
For any 0 < δ < nC1,
∫
Ω
eδv
+
 dx  eδ|Ω| +
∞∑
m=1
e(m+1)δ
∣∣{x ∈ Ω: m v m + 1}∣∣ C2
for some constant C2. Testing Eq. (4.11) with log 1+2v
+

1+v+ , we have
∫
Ω
|∇v+ |n
(1 + v+ )(1 + 2v+ )
dx  log 2.
By the Young inequality, we have for any 1 < q < n,
∫
Ω
∣∣∇v+ ∣∣q dx 
∫
Ω
|∇v+ |n
(1 + v+ )(1 + 2v+ )
dx +
∫
Ω
((
1 + v+
)(
1 + 2v+
)) q
n−q dx
 C3
(
1 +
∫
Ω
eδv
+
 dx
)
C4
for some constants C3 and C4 depending only on q , n and Ω . Let v− be the negative part of v .
Similarly, we have
∫
Ω
|∇v− |q dx C5 for some constant C5 depending only on q , n and Ω .
Step 2. The general case 0 < α < λ1(Ω).
Suppose v is unbounded in Ln−1(Ω). Then there exists a subsequence {j } such that
‖vj ‖n−1 → +∞ as j → +∞. Let wj = vj /‖vj ‖n−1. Then we have ‖wj ‖n−1 = 1, and
−wj is bounded in L1(Ω). Hence wj is bounded in H 1,q0 (Ω) for any 1 < q < n by Step 1.
Assume wj converges to w weakly in H
1,q
(Ω) and strongly in Ln−1(Ω). It can be easily0
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inition of λ1(Ω)), w must be zero. On the other hand, ‖wj ‖n−1 = 1 leads to ‖w‖n−1 = 1, and a
contradiction. Therefore v must be bounded in Ln−1(Ω). Again by Step 1, for any 1 < q < n,
there exists a constant C depending only on q , n, Ω and the upper bound of ‖f‖1 such that
‖∇v‖q C. Thus the proof of Lemma 4.10 is finished. 
